We investigate cosmological dynamics based on f (R) gravity in the Palatini formulation. In this study we use the dynamical system methods. We show that the evolution of the Friedmann equation reduces to the form of the piece-wise smooth dynamical system. This system is is reduced to a 2D dynamical system of the Newtonian type. We demonstrate how the trajectories can be sewn to guarantee C 0 extendibility of the metric similarly as 'Milne-like' FLRW spacetimes are C 0 -extendible. We point out that importance of dynamical system of Newtonian type with nonsmooth right-hand sides in the context of Palatini cosmology. In this framework we can investigate singularities which appear in the past and future of the cosmic evolution. We consider cosmological systems in both Einstein and Jordan frames. We show that at each frame the topological structures of phase space are different. *
I. INTRODUCTION
Today the explanation, that the dark energy and the dark matter are some substances, is the most prominent. The opposite point of view on the description of gravity is called anti-substantialism. Extended f (R) gravity models [1, 14] are intrinsic or geometric models of both dark matter and dark energy. Therefore, the idea of relational gravity, in which dark matter and dark energy can be interpreted as geometric objects, is naturally realized in f (R) extended gravity. The dynamical system methods in the context of investigation dynamics of f (R) gravity models are used since Carroll [14, 15] .
The metric formulation of extended gravity model gives the fourth order field equations. This difficulty is solved by the Palatini formalism where the metric g and symmetric connection Γ are assumed to be independent dynamical variables. In this case we get a system of second order partial differential equations. The Palatini formulation is equivalent to the purely metric theory. This is consequence that the field equations for the connection Γ, firstly considered to be independent of the metric, give the Levi-Civita connection of the metric g.
They are many papers about the Palatini formalism. In Olmo's paper [16] , the review of the Palatini f (R) theories appear. In [17, 18] are about the scalar-tensor representation of the Palatini theories. About the existence of non-singular solutions in the Palatini gravity, they are in [19, 20] . In the papers: [21] [22] [23] [24] [25] are about black holes and their singularities in the Palatini approach. About the choice of a conformal frame in the Palatini gravity are in [26, 27] . Compact stars in the Starobinsky model are discussed in [28] .
The action in the Palatini approach to gravity theories f (R) is postulated in the form in which the curvature scalar is treated as a function of both the metric tensor g and the connection Γ, i.e. R(g, Γ) = g µ,ν R µ,ν (Γ). Therefore, the action assumes the form
After variation with respect to both dynamical variables g and Γ we obtain the Einstein field equation (δg = 0) and an additional equation which establishes some relation between the metric and the connection. If we apply the Einstein field equation this relation assumes the form of the structural equation
where T is trace of the energy momentum tensor.
Recently the significant and important achievements appear in the context of understanding of the Palatini theory and their application to the cosmological problem description of the evolution of the Universe [1, 12, 16, [29] [30] [31] [32] . If we considered FRW cosmological models in the Palatini framework in the Einstein frame one can obtain the exact formula for the running cosmological constant parameter [33] .
Cosmology is physics of the Universe but in opposite to the physical system we do not know initial conditions for the Universe. Therefore, to explain the current state of the Universe we consider all admissible physically initial conditions and study all evolutional paths for the evolution of the Universe in the universal cosmological time.
For this investigation of dynamics the tools of the dynamical system theory are especially interesting. In this approach, the evolution of the Universe is represented by trajectories in the phase space (spaces of all states of the system any time). The phase space is organized by the singular solution representing by critical points, invariant submanifolds and trajectories.
Whole dynamics can be visualised in a geometrical way on the phase portrait-a phase space of all evolutional paths for all initial conditions. We are looking for attractors (repellors) in the phase space to distinguish some generic evolution scenarios for the Universe [34, 35] .
We describe effectively the cosmic evolution in terms of the dynamical system of the Newtonian type. In this language, the motion of a fictitious particle mimics the evolution of the universe and the potential contains all information needed for studying its dynamics. The right hand side of the system cannot be a smooth function like for the cosmological evolution governed by general relativity. However in any case they are piece-wise smooth functions.
The context of application of the Palatini formalism in the investigation of cosmological dynamics discovers significance of new types of dynamical system with non-smooth right hand sides [36] . It is interesting that cosmological singularities can be simply characterized in terms of geometry of the potential V (a), where a is the scale factor [36] .
In this geometrical framework singularities are manifested by a lack of analiticity of a potential itself or its derivatives with respect to the scale factor a and a diagram of the potential function (or its derivatives) possesses poles at some values of scale factor a = a sing . Because the potential function is a additive function of energy density components, the discontinuities appeared on a diagram of the potential V (a) can be interpreted as a discontinuous jumping of a potential part. This idea that potential form posessess some part which contains jump discontinuities can be applied in different cosmological contexts.
For example, it was considered to characterize singularities in phantom cosmologies [37] .
II. PALATINI FORMALISM -INTRODUCTION
The Palatini gravity action of f (R) gravity in the Jordan frame is given by
whereR = g µνR µν (Γ) is the generalized Ricci scalar andR µν (Γ) is the Ricci tensor of a torsionless connection Γ [16, 38] . For simplifying, we assume that 8πG = c = 1. From action (3), we obtain the equation of motion
where
δLm δgµν is matter energy momentum tensor and ∇ µ T µν = 0 and∇ α means that the covariant derivative calculated with respect to connection Γ.
From the trace of (4), we get additional equation, which is called structural equation
The metric g is the FRW metric
where a(t) is the scale factor, k is a constant of spatial curvature (k = 0, ±1), t is the cosmological time.
In this paper, we assume perfect fluid with the energy-momentum tensor
where p = wρ, w = const is a form of the equation of state. From the conservation equation
. In consequence trace T is in the form
We assume baryonic and dark matter ρ m in the form of dust w = 0 and dark energy ρ Λ = Λ with w = −1.
A form of the function f (R) is unknown. In this paper we assume that the polynomial form of f (R) function in the form
The Lagrangian (10) can be treated as a deviation of the ΛCDM model, by the quadratic Starobinsky term.
A solution of the structural equation (6) has the following form
Note that solution (11) has the same form in our model like in the ΛCDM model.
The Friedmann equation in our model is given by
, H 0 is the present value of Hubble function, ρ r,0 is the present value of the energy density of radiation, ρ m,0 is the present value of the density of matter. For simplicity, henceforth, we consider the model without radiation (ρ r,0 = 0). Note that for γ = 0, we get the ΛCDM model.
III. TYPE OF SINGULARITIES IN THE PALATINI MODEL IN THE JORDAN

FRAME
In cosmology many of new types of singularities were classified by Nojiri et al. [39] . This classification of the type of singularities depend on the behaviour of the scale factor a, the Hubble parameter H, the pressure p and the energy density ρ.
• Type 0: 'Big crunch'. The scale factor a is vanishing and H, ρ and p are blown up.
• Type I: 'Big rip'. The scale factor a, ρ and p are blown up.
• Type II: 'Sudden'. The scale factor a, ρ and H are finite andḢ and p are divergent.
• Type III: 'Big freeze'. The scale factor a is finite and H, ρ and p are blown up [40] or divergent [41] .
• Type IV. The scale factor a, H, ρ, p andḢ are finite but higher derivatives of the scale factor a diverge.
• Type V. The scale factor a is finite but ρ and p vanish.
Following Królak [42] , type 0 and I are strong whereas type II, III and IV are weak singularities.
In our model new types of singularities appear which are not contained in the above classification. They are non-isolated singularities. It is an example of piece-wise smooth dynamical systems of cosmological origin.
Recently a physically relevant solution of general relativity of the type black hole spacetimes which admit C 0 -metric extensions beyond the future Cauchy horizon has focused mathematicians' attention [43] , because this discovery is related with the fundamental issues concerning the strong cosmic censorship conjecture. In his paper Sbierski [43] noted that the Schwarzschild solution in the global Kruskal-Szekeres coordinates is C 0 -extendible.
In order Galloway and Ling [44] , in the Friedmann equation (12), is equal the infinity.
The evolution of the scale factor of the model (12) through the sewn freeze singularity is This condition is equivalent to b = 0. The evolution of the scale factor of the model (12) through the sewn sudden singularity is presented in Fig. 3 In our model, the sewn freeze singularity is a solution of the following algebraic equation
The solution of equation (14) is
We obtain an expression for a value of the scale factor at the freeze singularity from equation
We get the sewn sudden singularity when b = 0. This gets us the following algebraic
From equation (17), we get the formula for the scale factor at a sewn sudden singularity
Let the potential is
We can defined dynamical system as
is a new parametrization of time.
We can treated dynamical system (20)- (21) as a sewn dynamical system [47, 48] . In this case, the phase portrait is divided into two parts: the first part is for a < a sing and the second part is for a > a sing . Both parts are sewn along the singularity.
For a < a sing , we can rewritten dynamical system (20)- (21) to the corresponding form
where V 1 = V (−η(a − a s ) + 1) and η(a) denotes the Heaviside function.
For a > a sing , we get in an analogous way the following equations
where The diagrams of the potential function V (a) (19) are presented in Fig. 4 and 5 for the positive parameter γ and in Fig. 6 for the negative parameter γ. The phase portraits of the system can be constructed similarly as in classical mechanics due to particle-like description of dynamics. Phase trajectories representing evolutionary paths can be obtained directly from the geometry of potential function V (a) by consideration of constant energy
The reparametrized time parameter σ is measured along the trajectories of the corresponding dynamical system. It has a sense of a diffeomorphic transformation beyond the singularity vertical line.
The potential function (19) is undefined at the singularity point a = a sing . Therefore, in phase portraits of the system in the Jordan frame there are two domains separated by a line of singularity points. These phase portraits are constructed by the application of the diffeomorphic reparametrization of cosmological time beyond this singularity line and then C 1 sewing of trajectories. In consequence we obtain that only one unique trajectory moves at any point of the phase space.
The phase portraits for system (20) (21) for positive Ω γ are presented in Fig. 7 and in Fig. 8 and for negative Ω γ is presented in Fig. 9 . The line of singularity points is represented by a dashed line.
We find that system (20-21) for positive Ω γ has a sequence of three critical points located on the a-axis (saddle-centre-saddle sequence). To clarify the behaviour of trajectories in the neighbourhood of the saddle located at the singularity line we present the zoom of this area in Fig. 8 .
In Fig. 9 the critical points at infinity, a = a sing , a ′ = ±∞ are representing typical sudden singularities. There are two types of sewn trajectories: one homoclinic orbit and infinity 
, a ′ = 0 saddle of periodic orbits. The homoclinic orbit starts from the neighbourhood of critical point 1,
goes to the singularity at a ′ = −∞ and after sewing with trajectory which comes from the singularity at a ′ = +∞, finishes at the saddle point 1. The periodic orbits are situated inside the domain bounded by the homoclinic orbit. Similarly to the homoclinic orbit, the periodic orbits are sewn when going to the minus infinity singularity and going out from the plus infinity singularity. Note that these periodic orbits are possible only in the k = +1
universe. There are also non-periodic trajectories which lie inside the two regions bounded by the separatrices of the saddle 1. The trajectories start at a ′ = −∞, approach saddle 1, go to the minus infinity singularity after sewing go out from the plus infinity singularity, approach saddle 1 and then continue to a ′ = +∞. This kind of evolution is possible for the flat universe as well as k = −1 and k = +1 universes. At last in the region on the right of the separatrices of saddle 1, the trajectories start at a ′ = −∞ and go to a ′ = +∞ representing the evolution without sewn sudden singularity of the k = +1 universes.
The critical points of dynamical system (20-21) are completed in Table I .
The action (3) can be rewritten as
where φ = f (R) R
. Let G eff means the effective gravitational constant. Then φ = 1 8πG eff and in the consequence G eff (R) =R 8πf (R) and especially for f (R) =R + γR 2 has the following form The evolution of G eff is presented in Fig. 10 . Note that the value of G eff for t = 0 is equal zero and approaches asymptotically to the value of gravitational constant.
IV. THE PALATINI MODEL IN THE EINSTEIN FRAME
If f ′′ (R) = 0 then action (3) is dynamically equivalent to the first order Palatini gravitational action [1, 12, 30 ] Let Φ = f ′ (χ) is a scalar field and χ =R. Then action (28) can be rewritten in the following form
where the potential U(Φ) is defined by
where Φ = We can get from the Palatini variation of the action (29) the following equations of motion
From equation (31b), we get that the connectionΓ is a metric connection for a new metric g µν = Φg µν ; thusR µν =R µν ,R =ḡ 
Note that when t → ∞ then
gives a new structural equation
Now equations (31a) and (31c) get the following form
whereŪ(φ) = U(φ)/Φ 2 ,T µν = Φ −1 T µν and the structural equation can be replaced by
In consequence, the action for the metricḡ µν and scalar field Φ is given in the following form
where a non-minimal coupling is between Φ andḡ µν
The FRW metric case, metricḡ µν has the following form
where dt = Φ(t) 1 2 dt and new scale factorā(t) = Φ(t) 1 2 a(t). Because we assume the barotropic matter, the cosmological equations are given by
whereρ
and w =p m /ρ m = p m /ρ m . The conservation equation gets the following forṁ
In the case of the Starobinsky-Palatini model the potentialŪ is described by the following
The cosmological equation for the Starobinsky-Palatini model in the Einstein frame can be rewritten to the form of the dynamical system with the Hubble parameterH(t) and the Ricci scalarR(t) as variableṡ
where a dot denotes the differentiation with respect to the timet. The phase portrait for dynamical system (43)- (44) is presented in Fig. 11 . Here, the periodic orbits appear around critical point 4. In the Starobinsky-Palatini model in the Einstein frame appears the generalized sudden singularity, for which H andḢ are finite butḦ and its derivatives are diverge (see Fig. 12 ). The evolution of the scale factor begins from the finite value different from zero (see Fig. 13 ). In terms of the scale factor, at the singularity for the finite value of the scale factorā, a third time derivative (and higher orders) of the scale factor in Einstein frame blow up, while first and second order time derivatives behaves regularly. The evolution of the scale factor for one of these periodic orbits is presented in Fig. 15 For comparison of the dynamical system in the both frames, we obtain dynamical system for the Starobinsky-Palatini model in the Jordan frame in the variables H(t) andR(t)
where a dot means the differentiation with respect to time t. The phase portrait for dynamical system (45)- (46) is shown in Fig. 16 . This phase portrait represent all evolutionary paths of the system in the Jordan frame without adopting the time reparametrization. Along the trajectories is measured original cosmological time t. The oscillating orbits appear around critical point 4 (see Fig. 16 ). The evolution of the scale factor for one of these periodic orbits is presented in Fig. 17 .
For a deeper analysis of the behaviour of the trajectories of system (45)- (46) and rewrite equations (45)- (46) in these variables. Then we get the following dynamical systeṁ
The phase portrait for dynamical system (47)- (48) is presented in Fig. 18 . This portrait is a good illustration how trajectories are sewn at the points at infinity (points 5 and 6). If
we consider expanding models situated on the upper part of the domain, W is positive, all the trajectories passing through point 6. This continuation of trajectories is the class of C 0 .
The singularity line is representing the freeze type of singularity. There is some differences in the behaviour of trajectories of the same model represented in Fig. 7 and Figs 18. While the continuation on the singularity line in Fig. 7 is smooth of C 1 class and the Cachy problem is correctly solved in Fig. 16 and 18 all trajectories from separated regions focused at the degenerated point 6 (and point 5 for contracting models) represent the freeze type of singularity. It has a consequence for solution of the Cauchy problem. Therefore the representation of dynamics in the reparametrized time seems to be more suitable than in the original cosmological time.
For the equations (43)- (44) and (45)- (46), we can find the first integrals. In the case of equations (43)- (44), the first integral has the following form
where C 0 =ā value of the scale factor, we get the first integral in the following form
4Λ +R(t) −1 + 16γΛ + 16γ 2 ΛR(t)
In consequence, the potential V (R) is given by
Because we know the form of V (R) andā(R) we can get the potential V (ā) in a numerical way. V (ā) potential is demonstrated in Fig. 19 .
Equations (45)- (46) have the following the first integral given by
Here, a 0 is the present value of the scale factor. 
V. CONCLUSIONS
From detailed analysis of cosmological dynamics in the Palatini formulation we derive the following conclusions 1. If we consider the cosmic evolution in the Einstein frame we obtain inflation as an endogenous effect from dynamical formulation in the Palatini formalism [50] .
2. If we consider the cosmic evolution in the Jordan frame we obtain an exact and covariant formula for variability of gravitational constant G eff parametrized by the Ricci scalar.
3. Given two representations of our model in the Einstein and Jordan frames, we found that its dynamics is simpler in the Einstein frame as being free from some obstacles related with an appearance of bad singularities. It is an argument for the choice of the Einstein frame as physical.
4. In our model considered in the Einstein frame, we have both the inflation as well as the acceleration [50] . While the inflation in the model is obtained as an inherited dynamical effect, the acceleration is driven by the cosmological constant term. 5. In the model under consideration, we include effects of matter. This enable us to study the fragility of the inflation with respect to small changes of energy density of matter [50] .
6. In the obtained evolutional scenario of the evolution of the Universe we can unify: the singularity of the finite scale factor (generalized sudden singularity), the inflation with the sufficient number of e-folds and the phase of the acceleration of the current Universe [50] . 
